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Abstract.   A systematic study of factors affecting the delamination energy release rate 
and mode mix of a thermal barrier coating attached to a substrate is presented accounting 
for the influence of thermal gradients combined with rapid hot surface cooling.  Transient 
thermal gradients induce stress gradients through the coating and substrate which produce 
overall bending if the substrate is not very thick and if it is not constrained.  Due to their 
influences on the coating stresses, substrate thickness and constraint are important aspects 
of the mechanics of delamination of coating-substrate systems which must be considered 
when laboratory tests are designed and for lifetime assessment under in-service 
conditions.  Temperature gradients in the hot state combined with rapid cooling give rise 
to a maximum energy release rate for delamination that occurs in the early stage of 
cooling and that can be considerably larger than the driving force for delamination in the 
cold state.  The rates of cooling that give rise to a large early stage energy release rate are 
identified. 
Keywords: Thermal barrier coatings, delamination, temperature gradients, substrate 
bending, bending constraint 
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1  Introduction 
In service, thermal barrier coatings (TBCs) are subject to significant thermal 
gradients and occasional events involving rapid cooling of the hot surface.  Above certain 
limits, yet to be established, these conditions are believed to promote coating 
delamination.  Increasingly, efforts are made to replicate these conditions in the 
laboratory.  The combination of thermal gradients and rapid cooling produces a transient, 
non-uniform stress distribution through the coating-substrate multilayer.  Under such 2 
 
 
conditions, the largest driving force for delamination can occur shortly after the onset of 
cooling rather than in the cold state as is often assumed.  In addition, the stress 
distribution depends on the extent the layered system undergoes overall bending, which, 
in turn, is a function of the thickness of the substrate and the manner in which it is 
constrained.  It will be shown that substrate thickness and constraint significantly affect 
the driving force for delamination, and it will be argued that they must be considered in 
evaluating coating delamination, both in service and in laboratory tests. 
The aims of this paper are two-fold:  (i) To realistically characterize transient 
temperature and stress distributions in thermal barrier coating systems under rapid cool-
down situations. (ii) To determine the transient energy release rate and mode mix for 
coating delaminations as dependent on the initial thermal gradient, the rate of cool-down, 
the thickness of the substrate and the extent to which the substrate is constrained against 
bending.  The paper builds on earlier work of Evans and Hutchinson [1] wherein 
simplified representations of transient cooling were considered for coatings on thick 
substrates that allowed no bending.  To set the stage for the present study, that work will 
be summarized at the end of this Introduction.  First, however, the properties controlling 
the distributions of temperature and stress in the coating system will be defined. 
Although many TBCs have three or more layers, the system considered in this 
paper is a bilayer comprised of a single coating bonded to a substrate.  The bilayer can 
illustrate the essential points related to the aims of the paper stated above.  The discussion 
is targeted to coatings used in aircraft and power generating turbines, but the findings are 
more widely applicable.  For quantitative delamination results applicable to systems with 
more layers, it will be necessary to carry out calculations specific to those systems.   
The bilayer is shown in Fig. 1.  The substrate is layer #1 with Young’s modulus, 
Poisson’s ratio and coefficient of thermal expansion (CTE) denoted by  1 E ,  1   and  1  .  
Its thermal conductivity and diffusivity are denoted by  1 k  and  1  .  The corresponding 
quantities for the coating (layer #2) are  2 E ,  2  ,  2  ,  2 k  and  2  .  Temperature-
dependence of these quantities can be taken into account in the analyses given below, 
however, for simplicity these quantities will be taken to be independent of temperature 
without sacrificing the aims of the paper.   3 
 
 
At any instant of time, t, the temperature of the gas above the coating is denoted 
by  2 ()
gas Tt , while that below the substrate is denoted by  1 ()
gas Tt .  Denote the temperature 
at the top surface of the coating by  2 ()
sur Tt , that at the interface by 
int() Tt , and that at the 
bottom surface of the substrate by  1 ()
sur Tt .  The heat transfer coefficient,  2 H , relates the 
instantaneous heat flux, q (
2 wm
 ), into the top surface of the coating according to 
22 2 ()
gas sur qH T T  .  Similarly, the heat flux out of the bottom surface of the substrate is 
11 1 ()
sur gas qH T T  .  Under steady-state conditions with  1
gas T  and  2
gas T  prescribed to be 
independent of time, the uniform heat flux and temperature distribution are 

1
2
21
1
1 gas gas i
i ii
h
qT T
Hk


 
      
  
11 1 /
sur gas TTq H  ,   22 2 /
sur gas TTq H        ( 1 )  
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with linear variations of  T  through each of the two layers.  Cases will also be considered 
where the hot state steady-state conditions are set by specifying the surface temperatures, 
1
sur T  and  2
sur T .  Then, (1) applies with  1 H ,  2 H ,  11
gas sur TT   and  22
gas sur TT  . 
In all cases considered in this paper, the initial temperature distribution, 
0() Ty , 
will be the “hot” condition specified by the steady-state distribution (1).  This distribution 
will either be specified by   1
gas T  and  2
gas T  along with the respective heat transfer 
coefficients, or, alternatively, by specifying   1 (0)
sur T  and  2 (0)
sur T .  Calculations of the 
stress distribution and the energy release rate and the mode mix of delamination cracks 
will assume that the stresses in the coating are zero in the initial hot condition.  This is a 
customary assumption for the coating attributed to the fact that creep is expected to relax 
stress at the highest temperatures.  In addition, the present study will not account for 
mechanical stressing of the system, but a brief discussion of such effects will be given in 
the Conclusions. 
The paper will explore how variations of the most important bilayer parameters 
affect the delamination energy release rate and mode mix during cool-down.  The roles of 4 
 
 
the initial thermal gradient, the rate of switching on the cooling gas, and changing the hot 
surface heat transfer conditions will also be examined.  The reference scenario models a 
set of aggressive laboratory tests conducted on a plasma spray coating involving a large 
initial temperature gradient across the coating and rapid cooling of the coating surface.  
This reference will be referred to with the abbreviation, the JETS simulation.  Details of 
the cooling history will be specified in the next section.   
The analysis of the bilayer described above carried out in [1] was simplified in the 
following way.  The substrate was taken to be very thick ( 12 hh  ), allowing no overall 
bending, and it was assumed to have a uniform temperature, 
sub T .  Consequently, the 
interface temperature was also assumed to be 
sub T .  With the temperature of the surface 
of the coating denoted by  2
sur T , the distribution of T  through the coating was taken to 
vary linearly from  2
sur T  to 
sub T  at the interface.  The initial values of these temperatures 
in the hot state were taken as  2 (0)
sur T  and  (0)
sub T , and the stress in the coating was taken 
to be zero in this state.  Under these simplifying assumptions, the energy release rate, G , 
of a delamination crack on the interface is the elastic energy in the coating which is 
released upon interface separation.  During cool-down when the surface and substrate 
(and interface) temperatures are,  2
sur T  and 
sub T , respectively, the energy release rate is 
     
22 2
2/ 2/
22 2
2( 1 ) 1
(1 ) 3
sur sub sur sub sub sub
G
GT T T T
Eh

  


        

  (2) 
where  12      is the CTE mismatch and 
 (0)
sub sub
sub TT T            ( 3 )  
             / (( 0 ) ) (( 0 ) )
sur sur sub sub
sur sub TTT TT           ( 4 )  
Here,  sub T   is the temperature drop of the substrate and  / sur sub T   is the temperature drop 
of the coating surface relative to that of the substrate.  A formula for the relative 
proportion of the mode I and II stress intensity factors,  I K  and  II K , as measured by 
1 tan ( / ) II I KK 
   will be presented later.  The delamination crack is considered to be 
sufficiently long such that it has attained steady-state propagation conditions. 5 
 
 
  The energy release rate (2) provides insights into the driving force for 
delamination.  It can be re-written as 
 
22
2/ 2/ 1
1
3
sur sub sur sub sub sub TT T T
GG G G
            
             
        
  (5) 
characterizing an ellipse (see Fig. 2) in terms of the normalized variables  / sub TG    , 
which reflects the thermal strain mismatch between the coating and substrate, and 
2/ / sur sub TG    , which reflects rapid cooling of the coating relative to the substrate.  The 
outer ellipse in Fig.2 has been plotted using results derived later; it applies to a 
representative bilayer that is not constrained against bending.  While the ellipse for the 
constrained case (5) applies for any set of parameters, that for the unconstrained case 
applies only for the specific set of bilayer parameters referred to in the figure caption.  
Due to the inverse dependence on  G   in the normalized variables, the energy release 
rate is significantly greater for the constrained bilayer than for the unconstrained bilayer 
for all combinations of  / (, ) sub sur sub TT  .   
Curves of constant G   are plotted in Fig. 3 for the constrained bilayer.  Aspects 
related to delamination uncovered in the subsequent sections can be illustrated 
qualitatively in connection with this two-part figure. 
  (1)   If the bilayer has a uniform temperature in the hot state,  2 (0) (0)
sur sub TT  , 
the limit when the entire bilayer is cooled to a uniform temperature, 
cold T , with 
2
sur sub cold TTT , has  (0)
sub cold
sub TT T   and  / 0 sur sub T   .  This end point is depicted 
on Fig. 3A.  For slow cooling conditions,  / sur sub T   remains nearly zero and the cooling 
trajectory follows the horizontal axis in Fig. 3A.  The maximum G occurs in the cold 
state with 
2
2
22 2
2( 1 )
(( 0 ) )
(1 )
sub cold G
TT
Eh



     
       ( 6 )  
Much of the discussion of TBC delamination in the literature has tended to focus on slow 
cooling in the absence of a hot state thermal gradient.  However, even in the absence of 
an initial thermal gradient, if rapid cool-down occurs, the surface of the coating will cool 6 
 
 
faster than the substrate such that  / sur sub T   can be quite large in the early stages of cool-
down.  As depicted in Fig. 3A for rapid cooling, it will be seen that the maximum G  is 
due to  / sur sub T   and it occurs relatively early after the onset of cooling. 
  (2)  If the bilayer has an initial temperature gradient in the hot state and is cooled 
to a uniform temperature, 
cold T , then in the cold state  (0)
sub cold
sub TT T    and 
/2 (( 0 ) ( 0 ) )
sur sub
sur sub TTT   .  This cold state end point is depicted in Fig. 3B.  Due to the 
interaction between  sub T   and  / sur sub T  , the energy release rate in the cold state in the 
presence of the initial temperature gradient is less than it would be if  2 (0) (0)
sur sub TT  .  
This surprising reduction can be understood if one notes that the stress produced by 
cooling the coating due to the hot state gradient is tensile ( 22 E   / sur sub T  ), while the 
stress in the cooled state due to the CTE mismatch ( 12 0     ) is compressive 
( 2 sub ET     ).   These contributions offset one another.  It will be shown that for 
some representative cool-down scenarios, the maximum G  does not occur in the cold 
state but instead occurs early during the transient cool-down driven primarily by  / sur sub T  , 
as depicted in Fig. 3B.  Before the substrate has had a chance to cool,  0 sub T    such that, 
by (2), 
  
2 2
2/
22 2
2( 1 ) 1
(1 ) 3
sur sub
G
T
Eh






        ( 7 )  
The tensile stress that develops in the coating during this early transient period depends 
on the full CTE of the coating,  2  , not the smaller CTE mismatch,     .   
  (3)  The relative amount of the mode I and mode II stress intensity factors as 
measured by tan / II I KK    will be provided later in connection with specific examples.  
In anticipation of these results, the trends in mode mix experienced by the delamination 
crack are superimposed on the interaction plot in Fig. 2.  In particular, cooling trajectories 
dominated by  sub T   produce compression in the coating and give rise to mode II, or near-
mode II, delaminations.  Those dominated by  / sur sub T   produce tension in the coating and 
near-mode I delaminations.  Those involving combinations of  sub T     and  2/ sur sub T    
produce mixed mode delaminations.     7 
 
 
   1.1 Representative Properties for the Reference Scenario 
  The present extensions of the Evans-Hutchinson [1] analysis to finite thickness 
substrates subject to transient thermal loadings with heat transfer conditions at the bilayer 
surfaces have the disadvantage that the quantities of interest cannot be expressed in 
closed form formulas such as those above.  Results require numerical analysis of specific 
cases, albeit quite simple numerical analyses.  The following properties will be used to 
specify the primary scenario in this paper.  These property values can be regarded as 
representative of a plasma spray coating on a superalloy substrate [2]: 
621 1 1
11 1
61
11 1
621 1 1
22 2
61
22 2
substrate: 3.5 , 5 10 , 20 ,
13 10 , 100 , 0.38
coating:   0.75 , 0.6 10 , 1.5 ,
11 10 , 30 , 0.2
hm m m s k W m C
CE G P a
hm m m s k W m C
CE G P a




  

  

   

   

   
    
   (8) 
For the reference JETS scenario the initial steady-state temperature distribution is 
specified by (1) using surface temperatures at  0 t   (not initial gas temperatures): 
  2 (0) 1425
sur TC  ,  1 (0) 870
sur TC         ( 9 )  
For  0 t  , rapid cooling is imposed by abruptly switching on cooling gas with 
21
21 21
21
38 , 38
1500 , 200
gas gas TC TC
H W mK H W mK
 
  

  
      ( 1 0 )  
The heat transfer coefficient of the substrate, 1 H , is representative of radiative cooling 
and natural convection, while that for the coating surface,  2 H  is representative of forced 
air cooling. 
  A number of the properties listed above for the reference scenario will be varied 
to reveal their influence.  In addition, the effect of switching on the cooling gas and 
changing the hot surface heat transfer coefficient in a finite period of time will also be 
illustrated. 
 
2  Transient Thermal Analysis of Bilayer with Finite Thickness Substrate 
  With the initial temperature distribution in the bilayer denoted by 
0() Ty , the 
transient distribution for  0 t  ,  (,) Ty t, is determined by the following boundary value 8 
 
 
problem.  Let  1 ()
gas Tt  and  2 ()
gas Tt  be specified with 
0 (, 0 ) () Ty T y  .  On the bottom and 
top surfaces:  


11 1
12
22 2 1 2
(0, )
() ( 0 ,)
(, )
() ( ,)
gas
gas
Tt
kH T t T t
y
Th ht
kH T t T h h t
y
      
    
  
    ( 1 1 )  
On the interface: 
 
11
12 1 1
(, ) (, )
,(, ) (, )
Th t Th t
kkT h t T h t
yy

 


     ( 1 2 )  
In the lower and upper layers: 
 
2
11 2
2
21 1 2 2
,0
,
TT
yh
tx
TT
hy hh
tx


 
    

       
           ( 1 3 )  
This is a one-dimensional, transient heat conduction problem which must be solved 
numerically, except for special cases.  In this paper, a standard finite difference method 
has been used to generate the temperature distributions and the thermal stresses derived 
from them.  The time scale associated with thermal transients in a representative substrate 
(8) having thickness,  1 3.5 hm m  , is 
2
111 /2 . 4 hs    and about three times that of the 
coating with thickness  2 0.75 hm m  , 
2
222 /0 . 9 hs   . 
An example illustrating the evolution of the transient temperature distribution for 
the bilayer with properties specified in (8) is presented in Fig. 4 for the JETS scenario 
with rapid cool-down (10).   The initial temperature difference in hot state between the 
surface of the coating and the interface is approximately 400C .  The temperature at the 
surface of the coating drops by more than 600C within 0.2s after the start of the cool-
down process with the temperature at the interface and in the substrate having changed 
very little.  The rapid cool-down phase takes place within the first second after the 
beginning of cooling.  The large temperature drop of the coating relative to the substrate 
during this phase produces large tensile stress in the coating and a large energy release 
rate for delamination.  In the JETS scenario, with cooling air at 38C , it takes over 40s 
for the bilayer to reach the cold state.  9 
 
 
3  Stresses Induced by Cooling 
  As noted previously, the stress in coating in the hot state is taken to be zero.  The 
substrate is assumed to remain elastic at all temperatures.  In the hot state the stress in the 
unconstrained substrate is also zero, because the stress in the coating is zero and the 
temperature distribution is linear.  The stress in the constrained substrate will not 
generally be zero in the hot state, but only its stress change relative to the hot state enters 
into the computation of  G  and  .  Thus, for each case, the calculation in this section 
focuses on the stress change in the bilayer from the hot state.  Plane strain conditions are 
assumed for the bilayer, and two cases will be considered to illuminate the role of 
bending on the stress distribution and the energy release rate: (i) complete constraint 
again bending with no longitudinal constraint and (ii) no constraint (c.f., Fig. 1).  In the 
analysis that follows, the stress change relative to the hot state at any time during cool-
down is determined for the uncracked bilayer far ahead of the delamination crack tip and 
in the two separated layers far behind the crack tip.   
  Denote the thermal strain by  T   measured from the initial hot state temperature, 
0() Ty ; for a temperature-independent CTE,  ,   
0 (,) () T Ty t T y   . 
    3.1 Stresses Far Ahead of the Delamination 
  In the intact bilayer far ahead of the delamination, the strain along the bottom, 
0 y  , is denoted by  0  .  For the case of unconstrained bending, the curvature of the 
bilayer is denoted by   and taken positive when curved downward.  For the constrained 
case,  0  .  The change in the stress component acting parallel to the layer,  11    , 
relative to the hot state is  
   0
T Ey               ( 1 4 )  
with 
2 /( 1 ) EE   .  For the unconstrained bilayer, the requirements of overall 
equilibrium, i.e., 
 
12 1
0 0, 1,2
hh j yd y j 
    ,         ( 1 5 )  
provide the equations for  0   and  , which are listed in the Appendix.  For the bilayer 
constrained against bending, only the first of (15),  1 j  , applies with  0   . 10 
 
 
  Transient stress variations for the JETS scenario are presented in Fig. 5 for 
constrained and unconstrained bending at four locations in the intact bilayer far ahead of 
the crack tip.  As will emerge clearly in sequel, the dominant contribution to the energy 
release rate of the delamination crack is the elastic energy in the coating.
1 The largest 
coating stress occurs within the first second after the beginning of cooling.  The stresses 
then slowly approach the asymptotic values associated with the cold state.  A significant 
effect of the bending constraint on the stress distribution is seen.  The stress in the coating 
at the surface is larger for the constrained case, as is the stress above the interface. Note 
that the peak tensile stress at the surface of the coating occurs at  1 ts   just as the 
temperature in the substrate begins to undergo significant change (Fig. 4).   Even though 
the substrate is more than 4 times as thick and 3 times as stiff as the coating, substrate 
bending gives rise to a significant reduction in the stresses in the coating.  The difference 
in the stress distributions, with and without bending constraint, gives rise to large 
differences in the energy release rates, as will be seen. 
    3.2   Stresses Far Behind the Delamination 
  The stress change in each of the two separated layers far behind the delamination 
tip in Fig. 1 are also given by (14), where now  0i   and  i   (1 , 2 ) i   must be determined 
for the individual layers using equilibrium or constraint conditions.   
For the unconstrained case, first anticipate that the two layers are separated i.e., 
12  , and require that each layer satisfy force and moment equilibrium: 
 
1 1
0 0, 1,2
h j yd y j 
   ,   and    
12
1
1 0, 1,2
hh j
h yd y j 
          (16) 
These provide  0i   and  i   for the two layers (Appendix).  In most of the examples in this 
paper, it will turn out that  12  , owing to the temperature gradient in the hot state.  
However, if the resulting solution gives  12   , the layers make contact.  Then, as an 
approximation, a common curvature,  12   , is assumed.   If friction between the 
                                                 
1 The elastic energy in a thermally grown oxide layer in a multilayer TBC can contribute significantly to 
the energy release rate when the plane of delamination lies under the oxide layer and it would have to be 
accounted for in a multilayer simulation. 
 11 
 
 
contacting surfaces is neglected, the three equations of equilibrium providing  0i   and   
are 
 
1
0 0
h
dy    ,  
12
1
0
hh
h dy 

   and 
12
0 0
hh
ydy 

        (17)
2 
For the constrained case ( 1 0   ), begin by anticipating that delamination 
separates the two layers ( 2 0 ).  The equations determining  0 (1 , 2 ) i i    and  2   are  
 
1
0 0
h
dy    ,  
12
1
0
hh
h dy 

   and 
12
1
0
hh
h ydy 

       ( 1 8 )  
If the result from (18) gives  2 0 , contact occurs; then, set  2 0    and use the first 
two equations in (18) to determine  0 (1 , 2 ) i i   . 
 
4  Energy Release Rate and Mode Mix for Steady-state Interface Delamination 
  The distribution of stress change from the hot state at any instant in the bilayer far 
ahead and far behind the delamination crack tip can be used to compute G  and  .   The 
result for steady-state delamination applies to sufficiently long cracks emanating from 
either an edge or an open vertical crack in the coating.  The length of the crack required 
for attaining steady-state depends on the details of the geometry of the emanating crack, 
but, typically, it must be longer than one coating thickness [3].  The steady-state 
computation makes use of energy changes from ahead to behind the crack tip evaluated at 
the same instant of time.  In so doing, the computation assumes that the crack advances in 
a time period that is short compared to the time scale of the temperature changes, as 
would be the case for dynamic crack events.   
  The elastic energy/area of bilayer in Fig. 1 computed using the stress changes 
from the hot state given above is 
 
11 2
1
22
0
12
11
22
hh h
AHEAD h Ud y d y
EE
 
      (far ahead of delamination)    (19) 
 
11 2
1
22
0
12
11
22
hh h
BEHIND h Ud y d y
EE
 
     (far behind delamination)    (20) 
                                                 
2 Even with contact, the crack can be open at the tip with non-zero mode I component; an example is 
given in [4]. If frictional effects are not large, the energy release rate given by the procedure laid out 
here usually provides a good approximation and the crack is dominated by mode II. 12 
 
 
The energy release rate is given by 
  AHEAD BEHIND GU U          ( 2 1 )  
A detailed derivation of this result will not be given here.  One subtlety is the fact that G  
and   do not depend on the stress in the substrate in the hot state for the constrained case 
—they only depend on the change of stress in the substrate from the hot state.  This 
result, which can be established using arguments similar to those given in [5], depends on 
the fact that the coating stress is taken to be zero in the hot state.    The energy/area in the 
coating far ahead of the delamination, 
 
12
1
2
2
1
2
hh
COATING h Ud y
E
 
  ,    (far ahead of delamination)      (22) 
constitutes the main contribution to G  in most cases, as will be illustrated. 
 The  mode  mix, 
1 tan ( / ) II I KK 
  , is obtained using solutions for a crack lying 
along an interface in a bilayer [5].  Consider the unconstrained case first.  Define the 
force/thickness, P , and moments/thickness, M  and 
* M , acting on the layers due the 
stress (12) in the uncracked bilayer (Fig. 6A) by 
11 2
1 0
hh h
h Pd y d y  

          ( 2 3 a )  
11 2
1
*
11 2 0 (/ 2 ), ( / 2 )
hh h
h M h y dy M h h y dy 

          (23b) 
This is an equilibrated set of forces and moments with 
*
12 () / 2 MM P h h    and no 
traction acting on the interface.  With these loads applied, a delamination crack can be 
introduced along the interface with no change in stress in the system.  The stress intensity 
factors associated with delamination arise due to the removal of these loads to achieve the 
delaminated bilayer in Fig. 6C.  Thus, the solution to the problem in Fig. 6B provides the 
stress intensity factors.   
The complete solution [5] to the problem in Fig. 6B involves the elastic mismatch 
between the two layers which can be expressed in terms of the two Dundurs parameters 
(for plane strain): 
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     ( 2 4 )  13 
 
 
with / 2(1 ) E     as the shear modulus.  The parameter,  D  , is less important than 
D   in the present problem, and it will be taken to be zero to simplify the formula for  : 
 
11 sin cos( )
tan tan
cos sin( )
II
I
K
K
  

  
   
     
     ( 2 5 )  
The following dimensionless parameters enter the evaluation of (25): 
 
11 23 3
21 2 1 / , / , 1 (4 6 3 ) , 12(1 ) hh EEA I    
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                 
 
2 2 sin 6 (1 ) ,
Ph I
AI
AM
       
Elastic mismatch enters into   through  and  ( , ) D   , which is tabulated in [5]
3.  The 
dependence of   on elastic mismatch and   is relatively weak for the problems under 
consideration here.  For example, for the elastic mismatch specified by (8),   0.50 D   , 
and the tabulated values are  48.5
o    for  1    and  45.6
o    for  1   , while for no 
mismatch, 0 D   , and  52.1
o    for  1    and  49.1
o    for  1   .  Although the 
tabulated values of  ( , ) D    have been embedded and interpolated in the numerical code 
used to generate   in this paper, a reasonable approximation for all the cases considered 
would be to take  52.1
o   , ignoring the mismatch and  -dependence of  . 
  No corresponding elasticity solution for the mode mix is available for the 
constrained bending problem.
4  An infinitely deep substrate constrains bending, but it 
also constrains longitudinal straining of the substrate occurring during delamination.  Of 
the two effects, the bending constraint is the more significant in determining the mode 
mix.  As an approximation to the constrained bending case, the result (25) is used with 
0   , corresponding to a coating delaminating from a deep substrate.     
 
5  Transient Delamination Energy Release Rate and Mode Mix 
 Calculations  of  G  and   during cool-down have been carried out for the JETS 
scenario introduced in Section 1.1.  Results will be shown to illustrate the influence of 
                                                 
3 The notation here follows that of [5], however, the numbering of the layers has been reversed. 
4 The discussion concerns only the mode mix.  The expression for the energy release rate, (21), is exact. 
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some of the most relevant system variables, including bending constraint, coating 
modulus, substrate thickness and thermal diffusivity, coating thickness, temperature 
gradients and cooling rate. 
   5.1 The Role of Bending Constraint 
The results for the JETS scenario for the unconstrained and constrained cases are 
presented in Figs. 7 for the reference case with  1 3.5 hm m   and  2 0.75 hm m  .  Included 
with the delamination energy release rate and mode mix in these figures is the elastic 
energy/area stored in the coating ahead of the delamination,  COATING U  in (22).  The 
following observations can be made. 
(1) The maximum energy release rate occurs about one second following the 
onset of cool-down due to the rapid cooling of the coating surface and the 
associated large tensile stresses within the coating (c.f., Fig. 5).  For both 
unconstrained and constrained cases, the delamination crack is dominantly 
mode I (i.e.,  20
o   ) within this period.  As the bilayer cools to the cold 
state at  40 ts  , the energy release rate decreases monotonically to a limit 
which is much lower than the maximum with an asymptotic mode mix that 
still has a dominant component of mode I.   
(2) The maximum energy release rate for the bilayer constrained against bending 
is approximately twice that of the unconstrained case.  This important effect is 
primarily due to the higher stresses in the coating for the bilayer constrained 
against bending (c.f., Fig.5). 
(3) In most cases, G  is not more than 10% larger than  COATING U .  These examples 
illustrate the fact that, even without bending constraint, the elastic energy in 
the coating provides the main contribution to the energy release rate.  Much 
less energy is supplied from the substrate.  Nevertheless, not all of the elastic 
energy in the coating is released upon separation unless the temperature 
distribution happens to be strictly linear at that instant. 
   5.2 The Role of the Coating Modulus 
Fig. 8 shows the effect of the coating modulus,  2 E , on the energy release rate for 
the unconstrained bilayer with no other changes in parameters of the JETS scenario.  The 15 
 
 
dependence of G  on  2 E  is strictly linear according to (2), and this holds to a good 
approximation for the unconstrained case as well.  The energy in the coating ahead of the 
delamination,  COATING U , also scales linearly with  2 E  when the substrate is stiff compared 
to the coating. 
   5.3 The Role of the Substrate Thickness 
The reference bilayer has substrate thickness  1 3.5 hm m  .  The effect of thinner 
substrates the coating thickness is fixed at  2 0.75 hm m   is seen in Fig. 9.  In these 
simulations the initial hot state temperatures of the interface and coating surface are fixed 
at the values associated with the JETS reference case, i.e.,  
int(0) 1013.9 TC   and  
2 (0) 1425
sur TC   corresponding to a fixed hot state heat flux, 
2 0.822 / qM W m  .  
Thinning the substrate reduces the energy release rate for both cases, however, the effect 
is most pronounced for the unconstrained substrate.  When the substrate thickness 
( 1 0.5 hm m  ) becomes less than the coating thickness, bending of the unconstrained 
substrate relieves much of the stress in the coating such that the energy release rate is 
greatly reduced.  
   5.4  The Role of Substrate Thermal Diffusivity 
  The examples discussed so far take 
62 1
1 51 0 ms 
    as the thermal diffusivity 
of the substrate.  The effect of four other choices for  1   on G  are illustrated in Fig. 10 
for the otherwise unchanged JETS scenario for the case of unconstrained bending.  The 
thermal diffusivity does not affect the initial steady-state temperature distribution, thus 
the primary influence of changing  1   is in altering the rate at which the substrate cools.  
A factor of 4 decrease or increase of  1   from the JETS value has a significant effect on 
the rate at which G  approaches the cold state limit, but it has somewhat less effect on the 
peak G  attained in the early stages of cool down.  In particular, the change in the peak 
G  due to changing  1   by a factor of 4 is not nearly as large as the corresponding change 
resulting from constraining the substrate against bending seen in Fig. 7.  The implication 
is that the reduction in the peak G  seen in Fig. 7, from constrained bending to 
unconstrained bending, and in Fig. 10, owing to change in substrate thermal diffusivity, is 
due to a combination of bending of the substrate imposed by the coating stress itself and 16 
 
 
changes in the temperature distribution within the substrate.  This assertion is consistent 
with the evolution of temperature distribution in the substrate seen in Fig. 4 over the first 
several seconds after cool-down when the peak G  is attained. 
   5.5  The Role of the Coating Thickness 
The effect of the coating thickness,  2 h , on the delamination energy release for the 
unconstrained bilayer whose other properties are specified by (8) is presented in Fig. 11.  
In these simulations the substrate thickness is fixed at  1 3.5 hm m  .  Rapid cooling 
specified by (9) and (10) is imposed with the initial hot state temperatures of the interface 
and substrate surface fixed at the values associated with the JETS reference case: 
int(0) 1013.9 TC   and   1 (0) 870
sur TC  , corresponding to a fixed hot state heat flux, 
2 0.822 / qM W m  .  Two effects contribute to the dramatic reduction of the delamination 
energy release rate.  First, for fixed hot state heat flux, the hot state temperature of the 
coating surface diminishes sharply with thinner coatings:   2 (0) 1425
sur TC   for 
2 0.75 hm m  ;   2 (0) 1260
sur TC   for  2 0.45 hm m  ; and  2 (0) 1096
sur TC   for  2 0.15 hm m  .  
Secondly, even if the coating surface temperature in the hot state were fixed at 1425C , 
the elastic energy in the coating scales with the coating thickness.  The reduction is most 
pronounced for the maximum G  which is attained early in the cool-down period.  The 
cold state G  for the 0.15mm and 0.45mm coatings are nearly the same because the 
higher initial thermal gradient for the 0.45mmcoating counteracts the elastic mismatch 
contribution thereby lowering its cold state energy release rate, as discussed qualitatively 
in connection with Figs. 2 and 3. 
   5.6  Effect of the Initial Thermal Gradient 
The effect of the initial temperature gradient across the unconstrained bilayer with 
reference properties (8) will be illustrated by considering various values of the initial hot 
surface temperature of the coating,  2 (0)
sur T , in the otherwise unaltered JETS scenario, (9) 
and (10).  For each simulation, the initial surface temperature of the substrate is 
1 (0) 870
sur TC  .  In addition to the initial coating surface temperature,  2 (0) 1425
sur TC  , 
used in the reference case, three other values of  2 (0)
sur T have been considered: 1240C , 
1055C  and 870C  with the latter corresponding to a uniform initial temperature across 17 
 
 
the bilayer.  These temperature differences across the bilayer have been chosen to 
illustrate the effect of the initial thermal gradient across the bilayer—they are not 
intended to be representative of thermal gradients under the highest heat flux.  The 
transient behavior of G  and   during cool-down is shown in Fig. 12.  We emphasize 
again that in all the simulations, the stress is taken to be zero in the coating at the initial 
temperature distribution.  The following points emerge. 
(1)  The smaller the initial temperature drop across the bilayer, the smaller the 
peak in G  that occurs within the first second after cooling starts.  However, even 
with an initial temperature drop of 185C  across the bilayer ( 2 (0) 1055
sur TC  ), 
this peak in G  exceeds the asymptotic value of G  attained in the cold state.  In 
the case of no initial thermal gradient ( 2 (0) 870
sur TC  ), the local maximum of G  
in the early cool-down period is approximately the same as the cold state G .  The 
mode difference between these two cases is again worth emphasizing: the peak G  
in the early stages of cool-down is nearly mode I, while G  is the cold state is 
mode II or near-mode II. 
(2)  Fig. 12 illustrates that an initial temperature gradient across the bilayer 
usually lowers G  in the cold state.  The largest cold state G  occurs for the 
bilayer with the uniform initial temperature,  12 (0) (0) 870
sur sur TT C  , even 
though it has the lowest initial temperature distribution. 
(3)  As noted earlier, in the early stages of cool-down (within the first few 
seconds) the delamination crack experiences near-mode I conditions.  As cooling 
progresses, increasing mode II develops, as seen in Fig. 12B.  For the two cases 
with the lowest initial temperature drop across the bilayer, the crack closes as 
cooling occurs and remains mode II for the remainder of cool-down.  
Delamination in the cold state of a bilayer with  12     will always be mode II if 
the initial temperature distribution is uniform and the coating stress is zero in the 
hot state. 
   5.7  The Role of the Substrate Heat Transfer Coefficient 
  Fig. 13 shows the effect of increasing the heat transfer coefficient at the substrate 
surface,  1 H , on the delamination energy release rate and mode mix for the unconstrained 18 
 
 
bilayer (8) subject to the otherwise unaltered JETS scenario (9) and (10).  The reference 
case with 
21
1 200 HW m K
   is included in the figure along with responses for 
21
1 1000 HW m K
   and 
21
1 2000 HW m K
   .  In all three simulations, the coating surface 
heat transfer coefficient is fixed at 
21
2 1500 HW m K
    and the initial hot state surface 
temperatures are  1 (0) 870
sur TC   and  2 (0) 1425
sur TC  .  The main effect of increasing  1 H  
is to decrease the time for the bilayer reach the cold state.  The peak value of G  is hardly 
affected because it is caused by the rapid cooling of the coating surface and occurs before 
the substrate undergoes significant cooling.  A ten-fold increase in  1 H  has little effect on 
this peak energy release rate. 
   5.8  The Role of the Coating Heat Transfer Coefficient 
  Fig. 14 shows the effect of the heat transfer coefficient at the coating surface,  2 H , 
on the delamination energy release rate and mode mix for the unconstrained bilayer (8) 
subject to the otherwise unaltered JETS scenario (9) and (10).  The reference case with 
21
2 1500 HW m K
   is included in the figure along with responses for lower, 
21
2 250 HW m K
  , and higher, 
21
2 9000 HW m K
   , coefficients, in all cases with the 
substrate surface coefficient maintained at  
21
1 200 HW m K
   .  The initial hot state 
surface temperatures are  1 (0) 870
sur TC   and  2 (0) 1425
sur TC   in all three simulations.  
The heat transfer coefficient of the coating surface has a significant effect on the peak G  
in early stages of cool-down.  The more rapid the cooling of the surface, the larger the 
surface temperature drop relative to the substrate, the larger the tensile stresses in the 
coating, and the larger the energy release rate. 
   5.9  The Effect of a Delay in Switching on the Cooling Gas 
In all the simulations discussed above, the temperature of the cooling gas 
impinging on the substrate and coating surfaces is changed abruptly with zero transition 
time and the high rate of heat transfer at the coating surface is also switched on at the 
onset of cooling.  In this subsection, the role of a time scale,  0 t , in switching on the 
cooling gas will be investigated.  In the next subsection, the effect of a delay in switching 
on a high rate of heat transfer at the coating surface will be analyzed.  Neither of the two 19 
 
 
sets of simulations is intended to be an accurate representation of either a test set-up or an 
engine scenario, but they shed light on how the peak energy release rate is influenced by 
the rate at which cooling conditions arise.  The reference bilayer (8) with layer 
thicknesses,  1 3.5 hm m   and  2 0.75 hm m  , is used and unconstrained bending conditions 
are assumed.   
Generally, the heat transfer coefficients change as well as the gas temperatures 
during the switch to cooling.  In the JETS tests, the flame impinging on the coating 
surface is abruptly switched off but there is delay in moving the specimen into position to 
be subject to the cooling gas on the coating surface.  Thus, for a short period of time the 
heat transfer coefficient on the coating surface remains unchanged at a relatively low 
level before increasing dramatically when the cooling gas begins to imping on it.  First, 
however, to most clearly separate the several factors influencing the cooling rate, only the 
cooling gas temperatures will be changed.  In these simulations, the heat transfer 
coefficients and initial gas temperatures are chosen to be consistent with the initial 
steady-state hot state temperature distribution (1), and the coefficients are held fixed as 
the gas temperature is lowered.  The heat transfer coefficients used in these simulations 
are 
21
1 988 HW m K
   and 
21
2 4698 HW m K
    with initial hot state gas temperatures, 
1 (0) 38
gas TC   and  2 (0) 1600
gas TC  .  From (1), these choices are consistent with the 
same initial steady-state hot state surface temperatures,  1 (0) 870
sur TC   and 
2 (0) 1425
sur TC  , and heat flux, 
2 0.822 / qM W m  , employed in the reference 
simulations described earlier.  For  0 t  , the gas temperature on the substrate surface is 
maintained at  1 38
gas TC   while the gas temperature on the coating surface is specified by  
00 //
22 2 () ( 0 ) ( ) ( 1 ) , 0
tt tt gas gas gas TtT e T e t
          ( 2 6 )  
with  2 () 3 8
gas TC  .  Thus,  0 t  is the exponential decay time for switching on the cooling 
gas on the coating. 
  The results based on the coating cooling gas history (26) are presented in Fig. 15 
for various application times including abrupt cooling with  0 0 t  .  Recall that the 
thermal time scale of the coating is 
2
222 /0 . 9 hs   .   20 
 
 
(1)  The sharp peak in G  that occurs within the first second under abrupt cooling is 
reduced significantly if the rate of applying the cooling gas is comparable to the 
time scale of the coating.  The energy release rate in the fully cooled state at 
38 TC   is not affected by the rate of application of the cooling gas.  The peak 
G  for the abrupt limit,  0 0 ts  , is greater than that for the reference JETS case 
primarily because the coating surface heat transfer coefficient is more than three 
times as large as that for the JETS case. 
(2) The peak G  associated the slowest cooling rates  ( 0 2,4 ts  ) shown in Fig. 15 are 
still much larger than the cold state energy release rate due to existence of the 
initial temperature gradient across the bilayer and the fact that the coating 
temperature drops more rapidly than the substrate (c.f., Fig. 3B).  Thus, even 
when the cooling gas is switched on slowly there is a relatively sharp peak in G  
in early stage of cool-down.   The mode mix for these simulations is dominated 
by mode I. 
In summary, the rate at which the cooling gas is switched on has an important 
effect on the peak energy release rate for delamination in the early stages of cool-down.  
The relevant time scale for this to be a factor is the thermal time scale of the coating, 
2
222 / h    .  For a TBC coating with thickness on the order of a millimeter, the time 
scale is on the order of a fraction of a second.  For a coating with thickness on the order 
of 100 microns, the time scale is two orders of magnitude smaller.  Therefore, the 
transient behavior of G  associated with rapid switching of the cooling gas is unlikely to 
be relevant to the thinnest TBC coatings. 
   5.10  The Effect of a Delay in Transitioning to High Heat Transfer at the Coating 
Surface 
Next, as introduced in the previous subsection, consider the effect of a delay in 
switching on a high level of heat transfer on the coating surface.  Specifically, consider 
simulations which are identical to the JETS scenario with abrupt application of the 
cooling gas (at 38C ) except that for  0 tt  , 
21
2 200 HW m s
   , and for  0 tt  , 
21
2 1500 HW m s
  .  The effect of this delay on the peak G  seen in Fig. 16 is not nearly 
as significant as that produced by a slower rate of switching on the cooling gas.  When 21 
 
 
the heat transfer coefficient jumps to 
21
2 1500 HW m s
   , the sudden boost of coating 
cooling gives rise to a rapid increase in G with a local peak that is not much reduced 
from the JETS case. 
 
6  Estimates of G  for Cracks Lying Above the Coating-substrate Interface 
  As noted earlier, the elastic energy/area stored in the intact coating ahead of the 
delamination is usually a good approximation to G  for interface cracking.  This 
statement applies equally well to a delamination crack paralleling the interface and lying 
within the coating at depth  2 hh   below the surface.  Moreover, as the examples above 
have revealed, the crack is dominantly mode I at the peak energy release rate in the early 
stages of cool-down.  These conditions create the possibility of cracks propagating 
parallel to the surface within the coating.  The approximation,  
12
12
2
2
1
2
hh
hhh GU d y
E
 
  ,    (far ahead of delamination)      (27) 
can be used to estimate G  for a crack within the coating a distance h below the surface.  
  Fig. 17 for the unconstrained reference bilayer (8) subject to the reference JETS 
scenario presents the transient behavior of U  evaluated at three depths below the surface, 
including the full depth,  2 hh  , at the interface.  The energy stored in a surface layer with 
2/3 the coating thickness has a peak value which is only about 2%  below that stored in 
the entire coating.  More surprising, a surface layer with thickness 1/3 that of the coating 
has a peak U  only 20% below that of the entire coating.  While these results are specific 
to the case considered, they are not untypical. The high stresses near the surface of the 
coating in the early stages of cooling combined with the steep gradient of stress together 
concentrate the elastic energy toward the surface.  Implications of these findings for inter-
coating delamination will be discussed in Conclusions. 
 
7  Conclusions 
  The energy release rate for coatings delaminating from substrates constrained 
against bending can be significantly greater than for unconstrained substrates.  The 
examples consider in this paper with representative TBC substrate thicknesses and a 22 
 
 
coating thickness on the order of 1mm revealed that the maximum energy release rate for 
the constrained substrate is typically twice that for the unconstrained substrate.  These 
findings suggest that substrate bending constraint should be taken into account in 
assessing coating delamination for engine components, and it is also an important 
consideration in evaluating laboratory tests.  The standard coated circular substrate 
coupon is usually not constrained in thermal cycling tests, while a cylindrical tubular 
substrate that is coated and subject to burner rig testing is bending constrained. 
  The combination of a thermal gradient across the coating in the hot state and rapid 
cooling of the coating produces a driving force history for delamination distinctly 
different from that for relatively slow cooling under isothermal conditions.  In particular, 
a coating with an initial thermal gradient subject to rapid cooling leads to a large peak in 
the delamination energy release rate at an early stage during cool-down.  This peak 
occurs before the substrate temperature undergoes appreciable change, and thus it is due 
primarily to tensile stress in the coating proportional to  2/ sur sub T   .  By contrast, the 
stress in the uniform cold state temperature is a superposition of tensile stress due to 
initial thermal gradient and compressive stress proportional to CTE mismatch,  sub T    .  
As illustrated in the paper, these stresses of differing sign usually offset one another to 
reduce the energy release rate in the cold state.   
Coatings subject to slow cooling under isothermal conditions experience the 
maximum energy release (mode II) in the cold state, due to CTE mismatch.  Numerous 
examples have been presented showing that rapid cool-down can give rise to an energy 
release rate in the early stage of cooling which is much larger than the cold state release 
rate, especially if the coating has an initial hot state thermal gradient.  The mode mix of 
these early stage delaminations is dominantly mode I.   
  The rate of cooling considered rapid depends on the thermal time scale of the 
coating, 
2
22 / h  .  For a 1mm TBC coating, 
2
22 /1 hs   , while for a 100 m   coating it is 
0.01s  .  For coating systems with realistic heat transfer conditions, it has been shown 
that switching on cooling gas in 0.5s  or less impinging on a 0.75mm coating produces a 
large delamination energy release rate in the early stage of cool-down.  Switching times 
of this order should be achievable in the laboratory, and it seems likely that extraordinary 23 
 
 
events in an engine might also lead to switching times this rapid.  On the other hand, 
coatings whose thicknesses are on the order of 100 m  , such as those on aero engine 
blades, seem much less likely to experience cool-down times less than 
2
22 / h   because 
that would require switching times on the order of 0.01s.  Nevertheless, cooling that is 
slow compared to 
2
22 / h   but rapid compared to the larger substrate time scale, 
2
11 / h  , 
will cool the coating to  (0)
sub T   before the substrate has time to cool.   By (4), the 
temperature drop of the coating relative to the substrate at this relatively early stage is 
given by  / (0) (0)
sur sub
sur sub TTT    and, by (2) or (7), 
  
2 2
2/
22 2
2( 1 ) 1
(1 ) 3
sur sub
G
T
Eh






        ( 2 8 )  
This formula for constrained bending can be used to estimate the maximum G  during the 
early stage of cool-down for intermediate rates of cooling. 
  The findings in this paper rely heavily on the assumption that the stress in the 
coating stress relaxes to zero in the hot state.  This assumption is commonly invoked 
based on the fact that the TBC coating creeps at high temperatures.  Recent data [6,7] on 
plasma-sprayed 7wt%  23 2 Y O -ZrO  suggest that stresses in the range 20 80MPa   will 
undergo significant creep relaxation within minutes for temperatures above 1000C .  
Presumably the rate of relaxation would be even great at higher stresses.  This high rate 
of creep relaxation supports the working hypothesis that the stresses in the coating are 
nearly zero in the hot state, at least for portions of the coating above 1000C .  In addition 
to sidestepping uncertainty concerning residual stress, taking the coating to be zero in the 
hot state obviates the necessity of tracking the history of stress in the coating from one 
thermal cycle to another.  Given the centrality of this assumption, further experiments to 
verify hot state stress relaxation in the coating should be carried out, including the 
temperature range 800 1000C   relevant to coating material adjacent to the substrate. 
The prediction of a large delamination energy release rate in the early stage of 
cool-down for thicker coatings raises other issues bearing on TBC material behavior.  
Under rapid to moderate-rate cooling, the largest energy release rate occurs early during 
cool-down when the coating and the interface are still quite hot ( 800C  ).  Moreover, 
these are mode I dominated delaminations which can occur either along the interface or 24 
 
 
within the coating above the interface.  The temperature dependence of the toughness of 
the coating and the interface will play a role in whether or not delaminations are triggered 
by the peak energy release rate.  It seems reasonable to assume that the interface 
toughness may be significantly elevated by temperature due to the proximity of the 
interface to the bond coat.  At  800C  , bond coat plasticity is likely to relax stresses at 
the tip of an interface crack and increase dissipation accompanying delamination.  
However, the toughness of the ceramic coating material itself may be much less 
dependent on temperature.  If so, the large early stage energy release rates may promote 
delamination within the coating away from the interface, as has been observed in 
laboratory experiments involving steep thermal gradients and rapid cooling [8]. 
  Stress in the coating and the substrate due to mechanical loads has not been 
included.  Under the assumption that stress in the coating in the hot state relaxes to zero, 
it can be shown that mechanical loads carried by the substrate will not influence the 
delamination energy release rate and mode mix if the mechanical loads are maintained 
constant while the temperature changes occur.  Consequently, the peak energy release in 
the early stage of cool-down will usually not be altered by mechanical loads because they 
are not likely to change significantly during this period.  The energy release rate in the 
cold state will be altered by the mechanical loads if they are different from those in the 
hot state.   
Finally, as noted in the Introduction, delamination analysis of more complex 
TBCs, including the effect of a thermally grown oxide layer or a surface layer penetrated 
by calcium-magnesium-alumino-silicate (CMAS), requires these layers to be 
incorporated into the model.  The elastic energy stored in the thermally grown oxide layer 
can comprise an appreciable fraction of the stored energy in thin TBC systems 
representative of those on aero engine blades.  CMAS can significantly boost the driving 
force for delamination for any coating owing to its role in increasing the effective elastic 
modulus of the layer [9,10]  A computer code capable of the general analysis of 
multilayers is being developed by M. R. Begley [11]. 
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Appendix: Outline of the stress analysis and energy release rate calculations 
With the stress at any instant,  ( , ) y t  , given in terms of the thermal strain 
measured from the hot state,  ( , )
T y t  , by (14), the strain change at the bottom of the 
substrate,  0  , and curvature change,  , of the intact unconstrained bilayer far ahead of 
the crack tip are given by 
12
12
11 0 12 1 0
12 0 22 2 0
hh T
hh T
AA E d y R
AA E y d y R




  
  


       ( A . 1 )  
with E  identified for each layer and  
11 22
11 1 1 2 2 12 1 1 2 2 1 2 22
11 33 2 2
22 1 1 2 2 2 1 1 2 33
,( 2 ) ,
(3 3)
AE h E h A E h E h h h
AE hE h h h h h
   
  
     (A.2) 
For the constrained bilayer  0   is given by the first of (A.1) with  0   .  Far behind the 
crack tip the corresponding overall strain and curvature changes in the individual layers 
are given as follows.  For the coating,  
12
1
12
1
11 02 12 2 2
12 02 22 2 2
hh T
h
hh T
h
AA E d y
AA E y d y




 
 


       ( A . 3 )  
with  
11 23 2 2
11 2 2 12 2 2 1 2 22 2 2 2 1 1 2 23 ,( 2 ) ,( 3 3 ) A Eh A E h hh A E h h h hh         (A.4) 
For the unconstrained substrate 
1
1
11 01 12 1 1 0
12 01 22 1 1 0
h T
h T
AA E d y
AA E y d y


 
 


        ( A . 5 )  
with  
11 23
1 1 11 1 2 11 2 2 11 23 ,, AE h A E h A E h          ( A . 6 )  
For the constrained substrate the first of (A.5) gives  01   with  1 0   .  The procedure for 
dealing with cases for which the curvatures from the above recipes indicate contact 
across the delaminated interface is given in Section 3. 26 
 
 
  The strain energy in the various layers can be directly evaluated.  For example, for 
the intact bilayer ahead of the crack tip, (19) gives 
 
12 11 22 2
11 0 12 0 22 1 0 2 22 0 ()
hh T
AHEAD UA A A R R E d y   

            (A.7) 
with analogous expressions for the other layers.  These expressions are homogeneous of 
degree 2 in the temperature change from the hot state, and this gives rise to the elliptical 
curves of constant energy release rate in Fig. 2.  The force and bending quantities defined 
in connection with the mode mix in (23) are readily evaluated using the stress from (A.1). 
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Fig. 1 The TBC bilayer with a coating on top of a substrate.  Constrained and 
unconstrained conditions are depicted.  The heat transfer coefficients are  1 H  at the 
bottom surface and  2 H  at the top surface.  Delamination is analyzed for both the 
constrained and unconstrained cases. 29 
 
 
 
 
Fig. 2  Elliptical contours of constant delamination energy release rate with the 
normalized temperature drop of the substrate on the horizontal axis and the normalized 
temperature drop of the coating surface relative to the substrate on the vertical axis.  The 
horizontal axis reflects the thermal strain mismatch between the coating and the substrate 
while the vertical axis reflects the effect of rapid cooling of the coating.  Full details are 
given in the text.  The curve for the constrained case applies to any set of bilayer 
parameters.  The curve for the unconstained case applies only to a bilayer with 
parameters specified by (8). 30 
 
 
 
 
Fig. 3  Elliptical contours for constant delamination energy release rate for various  
 22 22 2( 1 ) / ( 1 ) GG E h       including depiction of rapid and slow cooling trajectories 
for a substrate constrained against bending.  A) With no thermal gradient in the hot state.  
B) With a significant thermal gradient in the hot state.  Even in the absence of a thermal 
gradient in the hot state a bilayer subject to rapid cooling of the coating can experience a 
large energy release rate driven by the temperature drop of the coating relative to the 
substrate before the substrate has had a chance to undergo much cooling.31 
 
 
 
 
 
Fig. 4  Transient temperature distribution for a bilayer with properties (8) with 
1 3.5 hm m   and  2 0.75 hm m   subject to the JETS scenario in (9) and (10). 
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Fig. 5  Transient stress variations at four locations within the intact bilayer (well ahead of 
the delamination crack tip) with properties (8).  The bilayer is subject to the JETS 
scenario specified by (9) and (10).  A) No bending constraint.  B) With bending 
constraint.  The transient temperature distributions are those in Fig. 4.  In all cases in this 
paper, the stress in the coating in the hot state is taken to be zero.  The stress in the 
constrained substrate in the hot state does not contribute to the delamination energy 
release rate and it is taken to be zero in this figure. 
 33 
 
 
 
 
Fig. 6  The elasticity problem for computing the mode mix of the delamination crack,  , 
for the unconstrained bilayer subject to thermal stresses in (C).  (A) The resultant forces 
and moments in each layer due to the thermal stress in the intact bilayer.  (B) Equal and 
opposite resultant forces and moments that cancel the loads in (A) and that produce the 
stress intensity factors for problem (C).34 
 
 
 
 
Fig. 7   (A) Transient variation of the delamination energy release rate and (B) the mode 
mix for a bilayer with properties (8) subject to the JETS scenario, (9) and (10).  Results 
for both constrained and unconstrained bending are shown.  The variations of the 
temperature and stress distributions are those in Figs. 4 and 5.  Included for both cases is 
the variation of the energy/area in the coating,  COATING U , well ahead of the delamination 
crack tip.  As is evident,  COATING U  supplies a good approximation to G .   35 
 
 
 
 
Fig. 8  The effect of the coating modulus,  2 E , on the delamination energy release rate for 
an unconstrained bilayer specified by (8) and subject to the JETS scenario (9) and (10).  
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Fig. 9  The effect of the substrate thickness,  1 h , on the delamination energy release for 
the bilayer whose other properties are specified by (8).  The coating thickness is fixed at 
2 0.75 hm m  .  Results for both constrained and unconstrained bending are shown for 
cooling given by (10).  In all cases, the initial hot state temperatures of the interface and 
coating surface have the values associated with the reference JETS case: 
int(0) 1013.9 TC   and   2 (0) 1425
sur TC  , corresponding to a fixed hot state heat flux, 
2 0.822 / qM W m  . 
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Fig. 10  The effect of varying the substrate thermal diffusivity,  1  , on the delamination 
energy release for the unconstrained bilayer whose other properties are specified by (8).  
The initial steady-state hot state temperature distribution is unaffected by  1   and is the 
same as the reference JETS case with  1 (0) 800
sur TC   and   2 (0) 1425
sur TC  , 
corresponding to a fixed hot state heat flux, 
2 0.822 / qM W m  .  The substrate diffusivity 
has a significant effect on the cooling rate of the substrate and therefore on the rate of 
approach  to G  in the cold state.  The effect of substrate diffusivity on the peak G  in the 
early stages of cool-down is less pronounced.  38 
 
 
 
 
Fig. 11  The effect of the coating thickness,  2 h , on the delamination energy release for 
the unconstrained bilayer whose other properties are specified by (8).  The substrate 
thickness is fixed at  1 3.5 hm m  .  In all cases, the initial hot state temperatures of the 
interface and substrate surface are fixed at the values associated with the JETS reference 
case: 
int(0) 1013.9 TC   and   1 (0) 870
sur TC  , corresponding to a fixed hot state heat flux, 
2 0.822 / qM W m  .  Cooling is specified by (10). 
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Fig. 12  The effect of the initial hot state coating surface temperature,  2 (0)
sur T , on the 
delamination energy release rate and mode mix for the reference unconstrained bilayer 
(8) subject to JETS cooling (10).  The initial temperature of the surface of the substrate is 
1 (0) 870
sur TC   for all the simulations.   
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Fig. 13  Effect of increasing the heat transfer coefficient at the substrate surface,  1 H , on 
the delamination energy release rate and mode mix for the unconstrained bilayer (8) 
subject to the otherwise unchanged cooling scenario (10).  The JETS reference case has 
21
1 200 HW m K
   and 
21
2 1500 HW m K
   .  In all cases,  1 (0) 870
sur TC   and 
2 (0) 1425
sur TC  . 
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Fig. 14  Effect of the heat transfer coefficient at the coating surface,  2 H , on the 
delamination energy release rate and mode mix for the unconstrained bilayer (8) subject 
to the otherwise unchanged cooling (10).  The JETS reference case has 
21
1 200 HW m K
   and 
21
2 1500 HW m K
   .  In all cases,  1 (0) 870
sur TC   and 
2 (0) 1425
sur TC  . 
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Fig. 15 The effect of the rate of switching on the cooling gas on the delamination energy 
release rate and mode mix as dependent on the time scale,  0 t , defined in (26) for the 
reference unconstrained bilayer with properties (8).  The heat transfer coefficients used in 
these simulations,
21
1 988 HW m K
   and 
21
2 4698 HW m K
   ,  with hot state gas 
temperatures,  1 (0) 38
gas TC   and  2 (0) 1600
gas TC  , are consistent with the initial steady-
state hot state surface temperatures,  1 (0) 870
sur TC   and  2 (0) 1425
sur TC  .  Starting at 
0 t   the gas temperature impinging on the coating surface is reduced to 38C  with an 
exponential decay (26) characterized by  0 t .  The gas temperature on the substrate surface 
is maintained at 38C  throughout. 
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Fig. 16  The effect of a delay,  0 t , in switching on a high level of the heat transfer 
coefficient,  2 H , at the coating surface on the delamination energy release rate for the 
reference unconstrained  bilayer with properties (8).  For  0 tt  ,  
21
2 200 HW m K
   and 
for  0 tt  , 
21
2 1500 HW m K
  ; 
21
1 200 HW m K
    for all  0 t  .   The initial steady-state 
hot state temperature distribution  is specified by  1 (0) 870
sur TC   and  2 (0) 1425
sur TC  .   
The cooling gas temperatures,  1 38
gas TC   and  2 38
gas TC   are switched on at  0 t  .  The 
curve for  0 0 t   is the reference JETS case for unconstrained bending.  44 
 
 
 
 
Fig. 17  The elastic energy/area, U , in the layer of the coating of thickness h below the 
surface well ahead of the crack tip.   This simulation is for the unconstrained reference 
bilayer (8) subject to the JETS scenario (9) and (10).  The energy release rate for a crack 
within the coating propagating parallel to the interface a distance h below the surface 
can be approximated by U . 
 
 
 